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Abstract
Thispaperpresentsasemi-analyticalalgorithmforthedeterminationofthecontacthalfwidth
andsurfacepressurewhichresultsfrombothadhesiveandnon-adhesivecontactproblemsinvolv-
ingfunctionalygradedmaterials(FGM).Theinhomogeneouslyelasticsolidcomprisesagraded
elasticcoatingwhoseshearmodulusdependsexponentialyontheverticalcoordinateandaho-
mogeneouslyelasticsubstrate.Thesolidisassumedtobeinastateofplanestrainandthusa
two-dimensionalanalysisisperformedwithinthiswork.
UsingtheworkofChidlowetal.(2011a)asastartingpoint,wederiveapairofintegralequa-
tionswhichmaybeusedtodetermineapproximationstothecontactpressurewheneitherthe
surfacedeﬂectionorthedeﬂectiongradientisknownoverthecontactregion.Astheseintegral
equationsarenon-singular,weuseGalerkin’smethodtoapproximatethecontactpressureandit
isfoundthatrelativelysmaltrialspacesalowaccuratecomputationofthepressure.Information
abouttheprescribedloadisthenusedtoformulateaniterativealgorithmtodeterminethecontact
halfwidth.
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Aselectionofnumericalresultsarepresentedusingthismethodanditisfoundthattheso-
lutionscomputedherecomparefavourablywiththoseofotherauthors.Afurtherinvestigationis
thenconductedintothesolutionofadhesivecontactproblemsusingtheassumptionsofMaugis
(1992)andJohnsonandGreenwood(2008)toinformthenatureoftheadhesivestressesoutside
ofthecontact.ItisfoundthatbothJKR-likeandDMT-likebehaviourcanbeobservedincontact
problemsinvolvingFGMs.
1.Introduction
Functionalygradedmaterialsareinhomogeneousandconsequentlytheirproperties(e.gme-
chanical,chemical)continuouslychangethroughouttheirvolume.Asthesematerialscanbede-
signedtopossesscertaincharacteristics,theyareidealysuitedforuseasprotectivecoatings.
However,agoodchoiceofcoatingrequiresknowledgeoftheunderlyingpropertiesofthesub-
strateandthephysicalcontextoftheapplication.Thisinformationisusualyobtainedfroma
combinationofboththeoreticalstudiesandexperimentaldataandthustheabilitytomodelsuch
problemsmathematicalyiscrucial.
Theclassicalproblemofcontactbetweenahomogeneouslyelasticsolidandarigidbody
wasﬁrstsolvedbyHertz(1881)whoprovidedanalyticalexpressionsforthepressuresthatre-
sultfromcontactbetweenahomogeneouslyelasticmediumandacylinder(two-dimensional)or
abal(three-dimensional).Additionaly,headvancedanalyticalequationsfromwhichthecontact
radiuscanbedeterminedprovidedthattheappliedloadisknowninbothcases.Theseresultsare
stilusedtodayandprovideperhapstheonlyclosedformsolutionsofthecontactproblem.How-
ever,astheseresultsarevalidonlyforahomogeneoussolid,theycannotbeusedtomodelFGMs.
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AfurtherlimitationoftheHertzianmodelisthatitdoesnotalowforadhesioninthecontact
betweentwobodiesandpredictsnocontactbetweenbodiesunderzeroload.Ithasbeenobserved
howeverthatbodieswithclean,drysurfacesexhibitstrongadhesionandinfactgiverisetoaﬁnite
non-zerocontactareaevenunderzeroload.TheinabilityofHertziantheorytoaccuratelymodel
suchproblemshasresultedinresearcherstryingtoﬁndnewmodelstodescribeadhesivecontacts.
Possiblythemostwelknownmodelsinathree-dimensionalcontextwereproposedbyJohnson
etal.(1971)andDerjaguinetal.(1975).Johnsonetal.(1971)proposedthatadhesionoccursonly
withinthecontactandthatinﬁnitelylargetensilestressesareexperiencedattheedgesofthecon-
tactwhilstDerjaguinetal.(1975)hypothesisedthatadhesionoccursonlyoutsideofthecontact
whilstthecontactproﬁleisgivenusingHertziantheory.IthasbeenfoundthattheJKRmodel
corespondsweltosoftmaterialswithlargesurfaceenergyandradiuswhilsttheDMTmodel
corespondsweltohardmaterialsofsmalradiusandlowsurfaceenergy. Maugis(1992)then
proposedaDugdalemodeltocharacterisetheadhesionbetweensolidswhichalowedthecontact
radiusandtotalloadtobecharacterisedasafunctionofasinglevariableλ.Asλincreasesfrom
zerotoinﬁnitythereisasmoothtransitionbetweentheDMTandJKRmodels.Theonlydrawback
inthismodelisthedifﬁcultyinrelatingthecontactradiusandloaddirectlytoeachotherusing
asingleequation.ThiswasremediedbyCarpicketal.(1999)whopresentedasimplegeneral
equationthatapproximatesMaugis’ssolutionclosely.
Theworkconductedonadhesivecontactsinthree-dimensionalsolidswasgeneralisedbyJohn-
sonandGreenwood(2008)tothetwo-dimensionallinecase.Theauthorsusedtheassumptions
ofMaugis(1992)todeterminetheadhesiveforcesoutsideofthecontactwhilsttheadhesiveforce
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withinthecontactwasdeterminedusingaWestergaardstressfunction.Thecontactpressurewas
assumedtobegivenbyHertziantheory.Usinganon-dimensionalparameterλsimilartotheso-
caled‘Tabor’parameterintroducedbyFulerandTabor(1975),itwasfoundthatasλincreases
fromzerotoinﬁnity,thecontactmodeltransitionssmoothlybetweenthetwo-dimensionalDMT
andJKRmodelsaswasfoundinthethree-dimensionalcase.Thisproblemwasalsoinvestigated
byWu(2009)whousedaLennardJonespotentialtodeterminenumericalsolutionstothecontact
problemandfoundthathisresultscomparedwelwithJohnsonandGreenwoodforlargervalues
oftheTaborparameterbutintherigidbodylimitcorespondingtoλ→0hisresultsbehavedlike
thetwo-dimensionalBradley(1932)modelratherthantheDMTmodel.
Inadditiontoinvestigationsontheadhesivenatureofcontactsthatinvolvehomogeneousma-
terials,therehasbeensomeinvestigationintotheadhesivebehaviouroflayeredsolids.Thisis
primarilybecausetherearemanyapplications(e.gbiologicaltissuesandsoftbearingsurfacesin
artiﬁcialjointreplacements)wherethincompliantlayersarestronglyafectedbyadhesionincon-
tact.Maryetal.(2006)presentedasemi-analyticalmodelthatdescribesadhesivecontactbetween
alayeredsolidandanaxisymmetricindenter.Theaccuracyofthismodelwasvalidatedexperimen-
talyandbycomparisonwithnumericalresultsproducedusingtheﬁniteelementmethod(FEM).
JohnsonandSridhar(2000)derivedaJKR-likemodeltodescribeadhesivecontactsbetweenasolid
comprisingahomogeneouslyelasticcoatingbondedtoasubstrateandarigidindenter.Aselection
ofnumericalresultsforavarietyofdiferentcoatingswerepresentedandtheauthorsfoundthat
theJKRmodelusingtheelasticpropertiesofthecoatingagreedwelwiththeirnumericalresults
whenthecoatingisthickwhilsttheJKRmodelusingtheelasticlayersofthesubstrateagreedwel
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withtheirobtainedresultswhenthecoatingwasthin.McGuigganetal.(2007)comparedexperi-
mentalresultsobtainedforthesurfaceforceapparatus(SFA)whichcomprisesthreedistinctlayers
withnumericalresultsobtainedusingFEM.Theauthorsconcludedthattheobtainedpul-offorce
foralayeredsolidcanvarysigniﬁcantlyfromthatpredictedbytheJKRmodelforahomogeneous
material.
Themajorityofmodelspropoundedtosolvecontactproblemsinvolvinginhomogeneously
elasticmaterialshoweverconsideronlynon-adhesivecontact.Earlyatemptsatmodelinginho-
mogeneousmaterialscomprisingadistinctcoatingandsubstrateassumethatthecoatingishomo-
geneouslyelasticwhilstthesubstrateisrigid(e.gHannah(1951).Iftheadditionalassumptionis
madethatthehomogeneouslayerisverythin,analyticalsolutionsforthecontactpressuremaybe
derived(e.gBarber(1990).Wenotehoweverthatthissituationisfarfromrealisticandthusthese
modelsareseverelylimitedintheirapplication.
Apopularideawhichhasbeenusedwithgreatsuccessistoassumethatthemodulusofelas-
ticitywithintheFGMisisotropicinthehorizontaldirectionsanddependsonlyonthevertical
coordinateinsomepre-determinedway.Themostcommonlyusedchoicesassumethatthemod-
ulusofelasticityfolowseitherasimplepowerlaworanexponentialvariation.Giannakopoulos
andSuresh(1997)usedboththepowerlawandexponentialapproximationstoderiveanalytical
solutionsforthestressesanddisplacementsinducedwithinathree-dimensionalbodybytheap-
plicationofapointforcetothesolidsurface.Theseresultswerethencomparedtonumerical
solutionscomputedusingtheﬁniteelementmethod(FE)andshowedgoodagreement.
Atechniquethatcanbeusedtoreducethecomplexityofthefulcontactproblemistoas-
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sumethatthesolidisinastateofplanestrain.Thisalowstheremovalofoneofthehorizontal
variablesfromtheproblemandthusasimplertwo-dimensionalanalysismaybeperformed.This
approachwasusedbyGulerandErdogan(2004)andseparatelybyKeandWang(2006),Keand
Wang(2007)whosolvedthetwo-dimensionalcontactproblemusingFouriertransformmethods.
Utilisingsolutionsthatresultfromtheapplicationofpointforcestothesolidsurface,theseauthors
formulatedsingularintegralequationsforthestampproblemwhichweresolvedusingnumerical
quadrature.Bothsetsofauthorsproduceresultswhichagreewelwitheachother.Analternateap-
proachusedbyChidlowetal.(2011a),Chidlowetal.(2011b)formulatesthesub-surfacestresses,
displacementsandcontactpressureintermsofFourierseries.Theunderlyingassumptionusedin
thederivationofthesemodelsisthatastheinducedstressesdieveryquicklyawayfromthecontact
area,thecontactproblemneedonlybesolvedinasmalsectionofthesolidratherthanthesolid
asawhole.Theresultingmodelsaretheoreticalyanalyticifthecontactpressureisknownexactly
butduetotheinﬁnitesummationsthatarisesomesmaldegreeoferorwilbeincuredfromthe
truncationoftheseseries.ThisapproachwasalsousedbyTeodorescuetal.(2009)whopresented
aniterativealgorithmfromwhichthecontactpressureandcontactradiusresultingfromcontact
byarigidcylindermaybedetermined.Howevertheseauthorsmodelthecoatingandsubstrateas
distinctyethomogeneouslayerswhilstChidlowetal.(2011a)modelthecoatingusingtheexpo-
nentialvariationassumption.
Theworkcontainedwithinthispaperconsidersbothnon-adhesiveandMaugis-typeadhesive
contactsthatoccurbetweenarigidpunchandaninhomogeneouslyelasticsolidcomprisingan
FGMcoating-substrate.UsingtheworkofChidlowetal.(2011a)asastartingpoint,wederive
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aniterativealgorithm(givenby(46)andoutlinedinﬁgure(4)fornon-adhesivecontacts,(74),
(77)andoutlinedinﬁgure(10)foradhesivecontacts)thatalowsthedeterminationofthecontact
footprintwhenboththesurfacedeﬂectionoritsgradientandthetotalloadareknown.Thepro-
posedalgorithmisverysimpleinformasitrequiresonlythecomputationofthecoefﬁcientsin
theFourierseriesexpansionoftheappliedpressurewhicharecalculatedfromasimpleexplicit
formula.
Thelayoutofthispaperisasfolows.Insection2weintroducethegoverningequationsofthe
contactproblemandhighlightthekeyresultsofChidlowetal.(2011a).Insection3weformulate
theintegralequationsthatrelatethepressureandsurfacedeﬂectionandderiveanexplicitformula
fromwhichthecoefﬁcientsintheFourierseriesexpansionofthepressureandthusthepressure
itselfmaybecomputed.Insection4,wepresentaselectionofnumericalresultsthatvalidatethe
accuracyofthissolutiontechnique.Aniterativealgorithmcapableofapproximatingboththecon-
tacthalf-widthandcontactpressureisintroducedinsection5andsomeresultsarepresentedusing
thismethod.Finaly,weconductaninvestigationintothesolutionofadhesivecontactproblemsin
section6andsummariseourworkanditsimplicationsinsection7.
2.FGMModeling
2.1.Inhomogeneouslyelasticlayeredsolid
Consideraninhomogeneouslyelasticsolidinastateofplanestrainoccupying−L≤x≤L,−∞<
y≤0.Thesolidissplitintotwodistinctregionswhichrepresentafunctionalygradedcoatingof
thicknesshandahomogeneouslyelasticsubstrateofinﬁniteextent.Theshearmoduluswithinthe
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solidisdeﬁnedas
µ(y)=


µ1eαy, −h≤y≤0,
µ0, −∞<y<−h
(1)
sothattheinhomogeneityofthecoatingisapproximatedusingasimpleexponentialfunction.We
notethatifµ1/µ0>1thenthecoatingisharderthanthesubstratewhilstifµ1/µ0<1thecoating
issofterthanthesubstrate.ThePoissonratioofboththecoatingandsubstrateareassumedtobe
constantandequivalentandthusν(c)=ν(s)=ν.PleasenoteasHooke’slawsdonotapplyforthe
incompressiblecaseν=0.5,weapplytheconstraintν=0.
P(x)
x=−L x=L
y=0
y=−h
y→−∞
FGMCoating
Substrate
µ1
µ(y)
µ0
5withinthiswork.
Figure1:Adeﬁnitionsketchoftheprobleminvolvingapressureforceappliednormalytothesolidsurface.
Apressureforceoftheform
P(x)=


−p(x), |x|≤a,
0, |x|>a
(2)
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whereadenotesthecontacthalf-widthisappliednormalytothesolidsurface.Theresulting
boundaryvalueproblemtobesolvedisthen
∂σxx
∂x+
∂σxy
∂y=0, (−L≤x≤L,−∞<y≤0), (3a)
∂σxy
∂x+
∂σyy
∂y=0, (−L≤x≤L,−∞<y≤0), (3b)
σyy−P(x)=0, (y=0), (3c)
σxy=0, (y=0), (3d)
σxx=0, (x=±L), (3e)
v=0, (x=±L), (3f)
|u|,|v|→0, y→−∞, (3g)
subjecttotheinterfacialmatchingconditions
σ(c)yy−σ(s)yy=0, (4a)
σ(c)xy−σ(s)xy=0, (4b)
u(c)−u(s)=0, (4c)
v(c)−v(s)=0 (4d)
appliedaty=−h.Thefunctionsu(x,y)andv(x,y)representthehorizontalandverticaldisplace-
mentswithinthesolidrespectivelyandthesuperscriptscandsdenotethecoatingandsubstrate.
Thedesignatedboundaryconditionsspecifyafrictionlesscontactonthesolidsurfaceandensure
thatthecoatingandsubstrateareperfectlybondedattheirinterface.Theboundaryconditionsat
x=±Landtheradiationconditionsasy→−∞representthelimitsinwhichtheappliedpressure
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ceasestoefectthesolid.Adeﬁnitionsketchofthecontactproblemisincludedinﬁgure(1).
ItwasshowninChidlowetal.(2011a)thatthedisplacementsinducedinthecoatingcanbe
writenas
u(c)(x,y)=
∞∑
n=1
ξTn(y)Ωn


(1−2ν)
2µ0 Pn
0

cos
1
2βn(x+L), (5)
v(c)(x,y)=−
∞∑
n=1
ξTn(y)ΓnΩn


(1−2ν)
2µ0 Pn
0

sin
1
2βn(x+L) (6)
whichholdfor−h≤y≤0whilstinthesubstrate
u(s)(x,y)=
∞∑
n=1
e12βn(y+h)
δn ϕ
T(y)Ψn


(1−2ν)
2µ0 Pn
0

cos
1
2βn(x+L), (7)
v(s)(x,y)=
∞∑
n=1
e12βn(y+h)
δn ϕ
T(y)ΦnΨn


(1−2ν)
2µ0 Pn
0

sin
1
2βn(x+L), (8)
whichholdfor−∞<y<−h.Alofthequantitiesthatappearabovearedeﬁnedintheappendix
whilstthecoefﬁcientsPnintheFourierseriesrepresentationofthepressurearedeﬁnedas
Pn=1L
L
−L
P(x)sin 12βn(x+L),
=−1L
a
−a
p(x)sin 12βn(x+L), (9)
whereβn=nπ/L.Thestresseswithinthesolidresultantfromtheappliedpressureforcemaybe
computedfromthedisplacementsuandvusingHooke’slaws.
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3.Integralequationsforthecontactproblem
Thesolutionsoutlinedintheprevioussectiongiveexplicitexpressionsforthehorizontaland
verticaldisplacementsofagradedelasticsolidatanypointonorbelowitssurfaceprovidedthat
thecontactpressureisknown.Inmanycontactproblemshowever,thecontactpressureisunknown
andinsteadinformationaboutthesurfacedeﬂectionandthenatureofthecontact(e.g.frictionless,
sliding)isgiven.Weshowbelowhowthemodelofthesurfacedeﬂectiongivenpreviouslycanbe
adaptedtoformulateintegralequationsfromwhichthecontactpressurecanbeapproximated.
3.1.Recreatingthecontactpressurewhenthesurfacedeﬂectionisknown
Weinitialynotethattheverticaldisplacementinthecoatingmaybewritenas
v(x,y)=
∞∑
n=1
Pnfn(y)φn(x) (10)
wherefn(y)andφn(x)canbeeasilyinferedfrom(6).Inparticular,evaluating(10)onthesolid
surfacey=0gives
v(x,0)=ˆv(x)=
∞∑
n=1
JnPnφn(x), (−L≤x≤L), (11)
withJn=fn(0).ReplacingalcoefﬁcientsPnappearingin(11)apartfromthemthcoefﬁcient
withtheirequivalentexpressionsin(9)yieldstheﬁrst-kindFredholmintegralequation
vˆ(x)=JmPmφm(x)−1L
a
−a
∞∑
n=1n=m
Jnφn(x)φn(t)p(t)dt (12)
whichmaybewriteninoperatorformas
vˆ(x)=JmPmφm(x)−1L(Kmp)(x). (13)
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Itshouldbenotedthatthisoperatorisself-adjointasthekerneloftheintegraloperatorsatisﬁes
km(x,t)=
∞∑
n=1n=m
Jnφn(x)φn(t)=km(t,x). (14)
Wecouldatempttoapproximatethecontactpressure p(x)directlyfrom(13). However,the
FouriercoefﬁcientsPmappearexplicitlyintheexpressionsforthedisplacementsgivenby(5)-
(8)andthusneedtobecomputedduringthesolutionprocedure. Wethereforechoosetodirectly
approximatethecoefﬁcientsPmandformtheapproximationtotheappliedpressureintermsofits
Fourierseries.
Assumingthatvˆ(x)isknownthroughout[−a,a],wecanapproximatePmfrom(13)using
Galerkin’smethod.Thisinvolvesconsideringtheweakformof(13)whichisatainedbymul-
tiplyingbythefunctionsχj(x),j=1,..,Mandapplyingtheinnerproductdeﬁnedas
(f,g)= a
−a
f(x)g(x)dx,
wherefandgarearbitraryfunctionsofx.Theweakformof(13)isthen
(ˆv,χj)=JmPm(φm,χj)−1L(Kmp,χj) (15)
whichholdsforj=1,..,M.Atthispoint,weintroducetheapproximationtothecontactpressure
p(x)≈
M∑
i=1
biχi(x) (16)
whichisusedonlywithintheconﬁnesofGalerkin’smethodtodeterminePm.Substituting(16)
into(15)thenrevealsthesystemofequations
(ˆv,χj)=JmPm(φm,χj)−1L
N∑
i=1
bi(Kmχi,χj) (17)
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whichmaybemoreconvenientlywritenas
V=JmPmΘm−1LK
Tmb, (18)
where
b= b1,b2,..,bM
T
, (19)
V= (ˆv,χ1),(ˆv,χ2),..,(ˆv,χM)
T
, (20)
Θm= (φm,χ1),(φm,χ2),..,(φm,χM)
T
(21)
arecolumnvectorsoflengthMandtheM×MmatrixKmhasentries(Km)ij=(Kmχi,χj).
Equation(18)relatestheunknowncoefﬁcientsbi,i=1,..,MtotheFouriercoefﬁcientPm
andthuscomprisesM+1unknownsinMequations.Anadditionalequationmaybeobtainedby
substituting(16)into(9)whichyields
Pm=−1LΘ
Tmb. (22)
Combining(22)with(18)alowsustoobtaintheapproximation
Pm= Θ
TmK−Tm V
1+JmΘTmK−Tm Θm
. (23)
Asmisarbitrary,(23)canbeusedtoapproximatealofthecoefﬁcientsinthetruncatedFourier
seriesrepresentationofthepressure
P(x)=
N∑
m=1
Pmφm(x),
=
N∑
m=1
ΘTmK−Tm V
1+JmΘTmK−Tm Θm
φm(x). (24)
whichholdsfor−L≤x≤L,N∈N.
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3.2.Indentationbyarigidpunch
Inthecaseofcontactbetweenanelasticsolidandarigidpunch,thegradientofthesurface
deﬂectionˆv(x)ratherthanthesurfacedeﬂectionitselfwilbeknownastheshapeofthepunch
wilbegivenintheproblem.Inthiscase,wediferentiate(13)withrespecttoxtogive
∂v
∂x(x,0)=ˆv(x)=JmP(x)φm(x)−
1
L
a
−a
∞∑
n=1,
n=m
Jnφn(x)φn(t)p(t)dt. (25)
whichcanbewriteninoperatorformas
vˆ(x)=JmPmφm(x)−1L(Lmp)(x) (26)
TheintegraloperatorLminthiscaseisnotself-adjointasthekerneloftheoperatorlm(x,t)=
lm(t,x).
UtilisingGalerkin’smethodtosolvethisequationinthesamewayasbeforegivesthenew
system
F=JmPmψm−1LΛ
Tmb, (27)
where
F= (ˆv,χ1),(ˆv,χ2),..,(ˆv,χM)
T
, (28)
ψm= (φm,χ1),(φm,χ2),..,(φm,χM)
T
(29)
arecolumnvectorsoflengthMandtheM×MmatrixΛmhasentries(Λm)ij=(Lmχi,χj).Com-
bining(27)with(22)givestheapproximation
Pm= Θ
TmΛ−Tm F
1+JmΘTmΛ−Tm ψm
. (30)
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Asbeforethisequationholdsforarbitrarymandthuswecandetermineapproximationstothe
coefﬁcientsofanyrequiredFouriermode.Inthiscase,theapproximationtotheappliedpressure
istakentobe
P(x)=
N∑
m=1
ΘTmΛ−Tm F
1+JmΘTmΛ−Tm ψm
φm(x). (31)
whichholdsintheinterval−L≤x≤L.Itshouldbenotedthatthepunchproﬁlemustbesmooth,
vˆ(x)∈C1[−a,a],inordertoensurethattheFourierseriesofthepressureconverges.
3.3.Choiceoftrialfunction
TheprincipaladvantageofGalerkin’smethodisthatrelativelypoorapproximationstothe
contactpressurevia(16)willeadtogoodapproximationstotheFouriercoefﬁcientsPn,n∈N.
ThereaderisreferedtoPorterandStirling(1990)forgreaterdetail.
Agoodchoiceoftrialfunctionwil mimicthebehaviourofthetruepressurefunction.Inthe
examplesweconsiderlater,thepressurefunctionisknowntovanishattheedgesofthecontact.
Asaresult,weset
χj(x)=sin jπ(x+a)2a , j=1,..,M (32)
whichhasthepropertythatχj(±a)=0.Evaluatingthefunctionalsappearingin(21)and(29)
usingthisparticularchoiceoftrialfunctiongives
(φn,χi)=θi,n=


8(−1)mkπa
(aβ2m)2−(2kπ)2sinmπaL , (i=2k,n=2m),
4(−1)m(2k−1)πa
(aβ2m−1)2−((2k−1)π)2cos
(m−12)πaL , (i=2k−1,n=2m−1)
0, otherwise
, (33)
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and
(φn,χi)=ωi,n=


4(−1)mkπaβ2m−1
(aβ2m−1)2−(2kπ)2sin
(m−12)πaL , (i=2k,n=2m−1),
2(−1)m+1(2k−1)πaβ2m
(aβ2m)2−((2k−1)π)2 cosmπaL , (i=2k−1,n=2m),
0, otherwise.
(34)
Animmediateconsequenceoftheseresultsisthat
(Kmχi,χj)=


∑∞n=1,2n−1=mJ2n−1θ2k−1,2n−1θ2l−1,2n−1, i=2k−1,j=2l−1,
∑∞n=1,2n=mJ2nθ2k,2nθ2l,2n, i=2k,j=2l,
0, otherwise
(35)
and
(Lmχi,χj)=


12∑∞n=1,2n−1=mJ2n−1β2n−1θ2k−1,2n−1ω2l,2n−1, i=2k−1,j=2l,
12∑∞n=1,2n=mJ2nβ2nθ2k,2nω2l−1,2n, i=2k,j=2l−1,
0, otherwise
(36)
whichresultsinlargecomputationalsavingsasifMiseven,therewilonlybeM2/2non-zeroen-
triesinthematricesKmandΛmwhilstifMisodd,therewilonlybe(M2−1)/2non-zeroentries
inmatrixΛmand(M2+1)/2non-zeroentriesinKm.
Thedeterminationof(ˆv,χj)wiltypicalybefairlystraightforwardastheproﬁleofthepunch
andthusitsgradientwilbegivenasacontinuousfunctionmakinganalyticalevaluationofthe
functionalsimple.Thesamewilnotusualybetrueforthedeterminationof(ˆv,χj)asthedeﬂec-
tionismorelikelytobegivenasalistofdiscretevalues.Inthissituation,alinearspline(Suliand
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Mayers(2003)forexample)maybeﬁtedtothedataandthefunctionalcanbecalculatedusing
thepiecewiselinearfunction.
4.NumericalResults:Modelvalidation
Inthissectionweverifytheaccuracyofthesolutiontechniquesdetailedpreviously.Inal
examplesgiveninthispaper,thevalueL=10aisusedtocomputeresultsasitwasshownin
Chidlowetal.(2011a)thatthisvalueoptimisesthebalancebetweencomputationalefﬁciencyand
accuracy.Additionaly,aswecannotinpractisesumaninﬁnitenumberofterms,alFouriersums
appearinginthisworkwilbetruncatedataﬁnitevalueN.Thisvaluewilbeexplicitlystatedat
thestartofeachexample.
4.1.Example1:Recreatingaknownpressureusingsurfacedeﬂectiondata
Weconsiderthepressurefunction
p(x)=p0(a2−x2)x+cosπx2a (37)
whichiscontinuouseverywherein[−a,a].Surfacedeﬂectiondataiscomputedforthispressure
using(6)subjecttotheparametervaluesν=0.25,µ1/µ0=2,h/a=0.3andN=200.Inthis
example,weuse(23)and(24)toderiveapproximationstothesurfacepressure.
Table(1)comparestheexactFouriercoefﬁcientsP1,..,P10intheseriesexpansionof(37)
againstapproximationscomputedusing(23)bycalculatingtheresidualeror.Theformulausedto
calculatethisquantityis
RE=|Pj−Pˆj|Pj (38)
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Figure2:Plotsoftheapproximatepressurecurvesproducedusing(23)againsttheexactpressuregivenby(37)(blue
line).TheapproximationsshownareM=2(redline),M=5(greenline),M=10(magentaline).
wherej∈NandPˆjdenotestheapproximationtotheFouriercoefﬁcient.Itcanbeobservedthatthe
residualerorintheseapproximationsproducedusingM=2islessthan5%whilstwhenM=5
theerordropstoabout1%.AsMincreasesfurther,theapproximationsbecomemoreandmore
accurateasexpected.InfacttheapproximateFouriercoefﬁcientsareaccuratetowithin0.01%
whena10termapproximationisused(M=10).Plotsoftherecreatedpressurefunctionsproduc-
ingusingthesediferentvaluesofMareshowninﬁgure(2).Itisobservedthattheapproximate
pressurecurveproducedusingM=5agreesalmosteverywherewiththetruepressurecurvewhilst
theapproximationcomputedusingM=10isindistinguishable.
4.2.Example2:Cylindricalstamp
Ithasalreadybeenseeninthepreviousexamplethattheintegralequationapproximationgiven
inthisworkishighlysuccessfulwhenthesurfacedeﬂectionisknownthroughoutthecontact
region.Wenowconsiderapunchproblemtofurtherexaminetheaccuracyofthismethod.
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ResidualerorintheapproximationtotheFouriercoefﬁcientsP1-P10
n ExactSolution M=2 M=5 M=10 M=20
1 -0.103020 0.018394 3.97×10−4 6.79×10−5 9.71×10−6
2 0.008316 0.048341 0.009019 6.01×10−4 1.107×10−4
3 0.101639 0.013056 2.46×10−4 2.95×10−5 9.83×10−6
4 -0.016284 0.046610 0.008597 6.75×10−4 1.23×10−4
5 -0.098919 0.002315 4.04×10−5 2.02×10−5 1.19×10−5
6 0.023572 0.043696 0.007933 6.36×10−4 1.27×10−4
7 0.094948 0.014050 4.634×10−4 1.05×10−4 4.21×10−5
8 -0.029886 0.039383 0.006993 5.35×10−4 1×10−4
9 -0.089849 0.036316 9.9×10−4 2.22×10−4 7.79×10−5
10 0.034987 0.033670 0.005774 4.86×10−4 1.43×10−4
Table1:Acomparisonoftheresidualerorintheapproximationtotheﬁrst10coefﬁcientsP1,..,P10appearinginthe
Fourierrepresentationof(37)comparedwithapproximationscomputedusing(23)fordiferentvaluesofM.
Considerindentingthesurfaceofthesolidbyarigidcylindricalstamp.Thestampproﬁleis
approximatedusingaparabolasothatthedeﬂectiononthesolidsurfaceisgivenas
vˆ=−ε0+x
2
2R (39)
whereRistheradiusofthestampandε0isanasyetunknownconstantwhichdenotesthemaxi-
mumdeﬂectionofthesolidsurface.Itiseasilyseenherethat
vˆ=xR (40)
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Figure3:Plotsofthedimensionlesscontactpressurecurvesproducedforthecylindricalpunchinexample2.The
approximationsshownareµ1/µ0=8(blueline),µ1/µ0=1.0001(redline),andµ1/µ0=1/8(greenline).
andthus
(ˆv,χj)=


−2a2kπR, (j=2k),
0, (j=2k−1)
(41)
forthetrialfunctionsdeﬁnedin(32).
ItisourintentioninthisexampletorecreatetheresultsofKeand Wang(2006).Inorder
todothis,wetakeM=30,N=400,ν=0.3,R/h=0.8andplotthedimensionlesscontact
pressurep(x)/µ0forthreediferentcoatings:µ1/µ0=8,1,1/8subjecttotherelativethicknesses
h/a=10,10/3.Itshouldbenotedthatthecontactmodelusedinthispaperisnotvalidfora
homogeneoussolidandthusinordertocomparewiththehomogeneoussolutionofKeandWang,
wetakethestifnessratiotobealmostbutnotidenticaly1(theactualvalueisµ1/µ0=1.0001).
Theresultsproducedforthisproblemaredepictedinﬁgure(3)andshowexcelentagreementwith
thosegivenbyKeandWang(2006)(comparewiththeirﬁgure9).
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5.Thefulcontactproblem
Ithasbeentacitlyassumedintheprevioussectionsthatthecontacthalf-widthisgivenaspart
oftheproblem.Unfortunatelyinmanyrealproblemsthisisnotthecaseandtypicalyawilneed
tobedeterminedaspartofthesolutionprocedure.
Ifthecontacthalf-widthisnotknowninadvanceoftheproblem,thetotalloadWappliedto
thesolidsurfacewilbegiven.Theloadisdeﬁnedas
W=− L
−L
P(x)dx, (42)
= a
−a
p(x)dx (43)
whichfolowingsimpleintegrationof(24)maybewritenas
W=4
∞∑
n=1
(−1)nP2n−1sin12aβ2n−1
β2n−1 . (44)
Asitisknownthatthecontactregionincreasesinsizeasthetotalloadincreases,wededucethat
1)W(a)isamonoticalyincreasingfunction,
2)eachvalueofagivesrisetoauniquetotalloadforﬁxedmaterialparameters(ν,µ0,µ1,h).
Thisinformationalowsustoformulateaniterativealgorithmtocomputea.
Deﬁnethefunctionf(a)as
f(a)=W−4
∞∑
n=1
(−1)nP2n−1sin12(aβ2n−1)
β2n−1 (45)
whichwilbeidenticalyzeroifaisequivalenttothecontacthalf-width.Bychoosingsomeinitial
guessa0toapproximatea,wecanusethesecantmethodtoupdateeachguessandcalculatethe
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truecontacthalf-width.Theiterativeformulausedhereisthen
aj+1=aj− δaf(aj)f(aj+δa)−f(aj), (46)
forsomeδa>0andj=1,2,..Itisanticipatedthatthevalueofawiltypicalybeverysmal
inthevastmajorityofproblemsandthusadirectmeasureofthediferencebetweenaj+1andaj
couldpotentialygiveamisleadingestimateoftheaccuracyoftheapproximationtoa.Abeter
choiceistostipulatethatthetruevalueofaisobtainedwhenthecriterion
|aj+1−aj|
|aj+1| <εa (47)
ismet.Thisensuresthathighaccuracyintheapproximationtoaisachievedregardlessofits
magnitude.
ThesolutionprocedureinfulisthentocalculatePm,m∈Nusingeither(23)or(30)(depending
ontheproblem)foreachvalueofaj,determinef(aj)andf(aj+δ)andupdatetheapproximation
toausing(46)untilthecontacthalf-widthisfoundtoadesiredaccuracy.Aﬂowchartoutlining
thestepsinthesolutionprocedureisgiveninﬁgure(4).
5.1.Example
Wetesttheiterativemethodproposedinthissectionbyconsideringamorerealisticprob-
lem.Arigidcylindricalstampofradius5cmandlength10cmmakescontactwiththesurfaceof
aninhomogeneoussolidwhichcomprisesasubstratemadeofsteel(ν=0.3,Young’smodulus
E1=1×1011Pa).Theappliedloadresultingfromthecontactis100N.
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-∫P(x)dx = W
Choose indenter profile
Choose initial guess a0
Update a using (44), (45)
Compute approximation to the 
pressure using (23) or (30), (24)
a, P(x), Pn found
YES
NO
Figure4:Thestepsintheiterativealgorithmusedtodeterminethecontacthalf-widthaandpressurep(x).
Ouraiminthisexampleistoconsiderhowtheinhomogeneityofthecoatingafectsthepre-
dictedpressurecurves.Thismaybeachievedbycomparingthepredictedresultsforbothhard
andsoftcoatingswiththosepredictedbyHertziantheory.Thecontacthalf-widthandmaximum
pressurepredictedfromHertziantheoryare
ah= 2WR(1−ν)πµ1 , ph=
2W
πah
whichinthisexamplegiveah=5.382µmandph=1.182×107Pa.Unlikeinourpreviousex-
amples,thecontacthalf-widthisnotknowninadvanceofthesolutionandthuswecannotﬁxthe
relativecoatingthicknessh/a.Instead,wechooseheretoﬁxtheratioh/ah.Itshouldalsobenoted
thatwetakeN=800andδa=εa=1×10−7inthisexample.
Figure(5)depictsthepredictedpressurecurvesforaselectionofdiferentcoatingssubjectto
twodiferentrelativethicknessesh/ah.Itisobservedthatthepressurecurvesforthehardercoat-
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Figure5:Plotsofthepredictedcontactpressuresinducedwithinexample3fortworepresentativecoatingthicknesses.
Theapproximationsshownareµ1/µ0=4(blueline),µ1/µ0=2(redline),µ1/µ0=1.0001(greenline),µ1/µ0=1/2
(magentaline)andµ1/µ0=1/4(blackline).
ingsgiverisetolargermaximumpressuresandsmalercontacthalf-widthsthanthosepredicted
byHertzianpressurewhilstsoftercoatingsproducesmalermaximumpressuresandlargercontact
half-widths.Theseobservationsbecomemoremarkedastheratioh/ahincreasesascanbeseenin
ﬁgure(5b).
Ithasbeennotedinﬁgure(5)thatalthoughmaterialinhomogeneitycertainlyleadstode-
parturesfromthepredictionsofHertzianpressure,thediferencesarelessmarkedastheratio
h/ahdecreases.Inordertomorefulyconsiderthisphenomenon,weseehowthedimension-
lesspredictedmaximumpressurepmax/phanddimensionlesscontacthalf-widtha/ahchangesas
theratioh/ahincreases.Theseresultsarepresentedinﬁgure(6)anditisseenthatasthera-
tioh/ahincreases,thepredictedmaximumpressuresandcontacthalf-widthsforbothharderand
softercoatingsdivergefurtherandfurtherfromtheHertzianpredictions.Conversely,whenh/ah
issmal,theresultspredictedfortheinhomogeneousmaterialsaresimilartothosepredictedusing
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Figure6:Theevolutionofa)thedimensionlessmaximumpressureandb)thedimensionlesscontactradifora
selectionofgradedelasticcoatingsash/ahchanges.Thekeyusedisidenticaltothatinﬁgure(5).
Hertziantheory. WecandeducethatHertziantheorymaybeusedtodeterminesolutionstothe
contactprobleminthelimith/ah→0withareasonabledegreeofaccuracy.Astherelativecoating
thicknessbecomeslarger,othermethodsmustbesoughttoprovideaccuratesolutions.
AnalternatewayofinvestigatingthelimitationsofHertziantheoryistocalculatethesub-
surfacestressﬁeldthatresultsfromtheappliedsurfacepressure. Thechoiceismadehereto
considertheTrescaprincipalstressﬁeldwhichmaybedeﬁnedatanypointas
τ1=12 (σxx−σyy)2+4σ2xy. (48)
Pleasenotethatalofthesub-surfacestressﬁeldsconsideredwithinthispaperwilbeofTresca
typeandthatthecontourplotsarenon-dimensionalisedwithrespecttothemaximumHertzian
pressurephsothattheresultspresenteddepictτ1/ph.
Thenon-dimensionalsub-surfacestressﬁeldsproducedforthecontrolcaseµ1/µ0=1.0001
andthehardandsoftcoatingsµ1/µ0=0.5,2subjecttothetworelativethicknessesh/ah=0.1,1
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Figure7:Dimensionlessprincipalstressesτ1/phfora)thecontrolcaseµ1/µ0=1.0001,b)athinsoftcoating,c)a
thinhardcoating,d)athicksoftcoatingande)athickhardcoating.
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arepresentedinﬁgure(7).Itmaybeseenthatthestressﬁeldproducedforthecontrolcasein
ﬁgure(7a)agreesverycloselywiththeresultsobtainedfromtheHertzianpressuredistribution
(seeJohnson(1985)forexample). Weﬁndinthiscasethatτmax/ph=0.301whichoccurswhen
y/ah=−0.796.ThesevaluesagreewelwiththosegivenbyHertziantheory.
Theresultspresentedinﬁgures(7b-c)indicatethatwhenthecoatingisthin,thesub-surface
stressﬁeldsobtainedfortheinhomogeneoussolidsareverysimilartothatofthecontrolcase.It
isfoundherethatforµ1/µ0=2,τmax/ph=0.306andforµ1/µ0=0.5,τmax/ph=0.297which
occurwheny/ah=−0.768andy/ah=−0.808respectively.Theseresultsarenotdissimilarto
thosegivenbyHertziantheory.
Weobserveinﬁgures(7d-e)thatasthecoatingbecomesrelativelythick,thestressﬁeldspro-
ducedforthehardandsoftcoatingdiferdramaticalyfromthoseproducedforthecontrolcase.
Itisseenherethatalargeconcentrationofstressclosetothesolidsurfaceispresentinthesofter
coatingwhilstthereisaregionofverylowstressoccuringimmediatelybelowthesurfaceinthe
hardercoating.Itisalsofoundinthissituationthatwhenµ1/µ0=2,τmax/ph=0.359whilst
whenµ1/µ0=0.5,τmax/ph=0.262whichoccuraty/ah=−0.687andy/ah=−1.010respec-
tively.TheseresultsreafﬁrmourconclusionthatHertziantheoryisunabletoprovideaccurate
solutionstothecontactprobleminvolvinginhomogeneousmaterialsoutsideofthelimith/ah→0.
Theobservationsmadeinthisexampleaboutthebehaviourofthemaximumprincipalstresses
arepotentialysigniﬁcantinthedeterminationofmaterialfailure.Wehaveseenthatunderaﬁxed
load,hardcoatingsexperiencealargermaximumprincipalstressthansoftcoatings.Thistrend
becomesmoreexaggeratedastheratioh/ahincreaseswhichindicatesthathardcoatingsbecome
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Figure8:Plotsoftheevolutionofthedimensionlesscontacthalf-widtha/handmaximumcontactpressurepmaxvs
thedimensionlessloadW/µ0h.Thekeyusedhereisthesameasthatinﬁgure(5).
increasinglymorelikelytoexperienceplasticﬂowascoatingthicknessincreaseswhilstsofterma-
terialsarelesslikelytofail. Amoredetaileddiscussionaboutthebehaviourofthemaximum
principalstressesiscontainedwithinChidlowetal.(2011a).
Aswehaveconsideredthebehaviourofthemaximumcontactpressure,contact-halfwidth
andprincipalstressunderﬁxedload,wenowinvestigatehowtheseparametersbehavewhenthe
appliedloadisalowedtovary.Inthissituationwecannotnon-dimensionalisetheparametersin
thesamewayasbeforeasthecontacthalf-widthandmaximumpressurepredictedusingHertzian
theoryareload-dependent.Insteadweconsiderhowthedimensionlessquantitiesh/aandpmax/µ0
varywithW¯=W/µ0h.Theseresultsareplotedinﬁgure(8)andindicatethatwhilstaandpmax
bothincreasewiththeload,therelationshipsarenotlinear(GulerandErdogan(2007)suggest
thatthisrelationshipisapproximatelyparabolicbutpleasenotewhencomparingresultsthatour
non-dimensionalisationoftheloadandcontacthalf-widthisdiferenttotheirs). Wefurthernote
thatunderequivalentloads,thecontacthalf-widthislargerinmagnitudeforsoftercoatingsthan
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hardercoatingswhilstthemaximumpressureislargerforhardercoatings.Theseobservations
reafﬁrmourearlierconclusions.
6.Adhesivecontacts
Wenowshowhowtomodifytheproposedsolutionalgorithminthisworktosolveproblems
ofadhesivecontactbetweenagradedelasticsolidandrigidpunch.Thevastmajorityofresearch
conductedonthesubjectofadhesivecontactshasinvolvedhomogeneousmaterialsandassuch
islikelytobeoflimitedusewhenstudyingadhesivecontactproblemsinvolvinginhomogeneous
materials.Theaimofthissectionisthereforetoconductapreliminaryinvestigationintoadhesive
contactproblemsinvolvingFGMS.
6.1.Integralequationformulation
FolowingtheassumptionofMaugis(1992)thatadhesiveforcesoutsideofthecontactare
constant,wetakethetotalpressureappliedtothesolidsurfaceas
P(x)=


σ0, −c≤x≤−a
−pˆ(x),−a≤x≤a,
σ0, a≤x≤c,
0, otherwise.
(49)
whereσ0=∆γ/Z0,∆γistheworkofadhesion(alsocaledtheDupresurfaceenergy)andZ0(>0)
isthecriticalgapwidthatwhichtheatractiveforcesbetweenthesolidandpunchfaltozero.This
criticalgapwidthoccursatx=c.Wenoteinthisproblemthatˆp(x)wilbeacombinationofboth
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adhesiveandcontactforcesandsatisﬁes
pˆ(−a)=−σ0, (50)
pˆ(a)=−σ0 (51)
whichensurescontinuityofP(x)
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Figure9:Adeﬁnitionsketchoftheadhesivecontactproblem.
Atthispointweintroducetheparameter
λ=σ0 R(1−ν
2)2
∆γµ21
13, (52)
whichhasbeenusedextensively(seeJohnsonandGreenwood(2008)forexample)tocharacterise
adhesivebehaviourinhomogeneouslyelasticcontactproblems.Wemakereferencetothisparam-
eterlatertotryandcharacteriseadhesivebehaviourininhomogeneouslyelasticcontactproblems.
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Wenoteinthisproblemthatamuchgreaternumberofmodeswilberequiredtoaccurately
representP(x)asaFourierseriesasitwilhaveslopediscontinuitiesatbothx=±aandisdis-
continuousatx=±c.Inthissituation,thepreviousformulausedtoevaluatePm(30)becomes
inconvenienttousebecausetheevaluationofthematrixΛmforeachminvolvesahighcompu-
tationalcost. WeoutlineanalternatemethodherefromwhichtheFouriercoefﬁcientsPmcanbe
moreefﬁcientlycalculated.
Substituting(9)into(10)alowsustoconstructtheintegralequation
vˆ(x)=1L
∞∑
n=1
Jn
L
−L
P(t)φn(t)φn(x)dt (53)
whichholdseverywherein[−L,L].Useof(49)thenyields
vˆ(x)=1L
∞∑
n=1
Jn σ0
−a
−c
φn(t)dt+
c
a
φn(t)dt−
a
−a
pˆ(t)φn(t)dtφn(x),
=
∞∑
n=1
Jn ζn−1L
a
a
pˆ(t)φn(t)dtφn(x) (54)
where
ζn=σ0L
−a
−c
φn(t)dt+
c
a
φn(t)dt, (55)
n∈N.Asthecoefﬁcientsζninvolveonlyknownquantities,theycanbedeterminedinadvance
oftheproblemandhenceserveonlytomodifytheforcingtermwithintheintegralequation.Asa
consequence,wemaywritetheaboveintegralequationas
vˆ(x)−
∞∑
n=1
Jnζnφn(x)=−1L
∞∑
n=1
Jn
a
−a
pˆ(t)φn(t)φn(x)dt, (56)
whichholds∀x∈[−L,L].ThisequationmaybesolvedasbeforeusingGalerkin’smethodwiththe
exceptionthatthetrialfunctionspreviouslyusedintheinitialapproximationgivenby(32)cannot
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beusedastheywilreturnaverypoorapproximationtoˆp(x)neartheedgesofthecontactasthey
satisfyχj(±a)=0,j=1,..,M.Thisdifﬁcultymaybeovercomebydeﬁningthenewfunction
Q(t)=ˆp(t)+σ0, −a≤t≤a (57)
whichsatisﬁesQ(±a)=0.Substituting(57)into(56)givesthenewequation
vˆ(x)−
∞∑
n=1
Jnρnφn(x)=−1L
∞∑
n=1
Jn
a
−a
Q(t)φn(t)φn(x)dt (58)
where
ρn=σ0L
c
−c
φn(t)dt. (59)
Multiplying(58)bythetestfunctionsχj(x)andintegratingoverthecontactareagivesthesystem
(ˆv,χj)−
∞∑
n=1
Jnρn(φn,χj)=−1L(LQ,χj), j=1,..,M. (60)
Introducingtheapproximation
Q(x)≈
M∑
i=1
biχi(x) (61)
into(60)thengivesthesystem
G=−1L∆
Tb (62)
whichmayberearangedtogive
b=−L∆−TG. (63)
Thevectorsusedabovearedeﬁnedas
G= (g,χ1),(g,χ2),..,(g,χM)
T
, (64)
b= b1,b2,..,bM
T
(65)
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with
g(x)=ˆv(x)−
∞∑
n=1
Jnρnφn(x), (66)
whilst∆ij=(Lχi,χj),i,j=1,..,N.TheFouriercoefﬁcientsPncanthenbecomputedfromthe
formula
Pn=−1L
a
−a
(Q(x)−σ0)φn(x)dx+ζn,
=−1L
M∑
i=1
bi(χi,φn)+σ0L
c
−c
φn(x)dx,
=−1L
M∑
i=1
biθi,n+4σ0nπsin
βnL
2 sin
βnc
2 (67)
withθi,ngivenby(33)asbefore.Thisexpressionmaybesimpliﬁedtoﬁnalygive
Pn=


−1L∑Mi=1biθi,2m, (n=2m),
−1L∑Mi=1biθi,2m−1+ 4σ0(2m−1)π(−1)m+1sinβ2m−1c2 , (n=2m−1).
(68)
Manypracticalproblemsinvolvingadhesivecontactswilrequirethedeterminationofbothaand
c.Theiterativealgorithmproposedinsection(5)maystilbeusedheretodeterminethecontact
half-widthwithaslight-modiﬁcationwhichwediscussshortly.Thevalueofchoweverneedsto
becomputedusingothermeans.Thenextsectiondetailsanefﬁcientiterativesolverwhichmaybe
usedtocomputethisvalue.
6.2.Determiningc:thecaseofacylindricalpunch
ThepointcrepresentsthelocationatwhichthecriticalgapZ0occurs.Ifweletξ(x)denote
thegapatanypointbetweenthesolidsurfaceandtheindenter,weseefromitsdeﬁnitionthat
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ξ(c)=Z0.Inthecaseofcontactbyacylindricalpunch,wemayuse(11)and(39)towrite
ξ(x)=abs −ε0+x
2
2R−
∞∑
n=1
JnPnφn(x) (69)
sothat
Z0=abs −ε0+c
2
2R−
∞∑
n=1
JnPnφn(c). (70)
Theabsolutevalueisusedin(69)and(70)toensurethattheobtainedgap-widthisalwayspositive.
Wenotethatthemaximumpenetrationdepth−ε0wiloccurattheorigininthiscaseandwilbe
givenbytheformula
−ε0=
∞∑
n=1
JnPnφn(0), (71)
thusalowingustowrite(70)as
Z0=abs c
2
2R+
∞∑
n=1
JnPnφn(0)−φn(c) . (72)
Thisequationmaybesolvediterativelyinanidenticalwaytothecontacthalf-widthabyusingthe
secantmethod.Deﬁningthefunction
η(c)=abs c
2
2R+
∞∑
n=1
JnPnφn(0)−φn(c) −Z0 (73)
alowsustochooseaninitialguessc0tocanditerateusingtheformula
ci+1=ci− δcη(ci)η(ci+δc)−η(ci) (74)
fori≥0.Asbefore,wedeemthatthetruevalueofchasbeenfoundwhen
|ci+1−ci|
|ci+1| <εc. (75)
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6.3.Re-computingthecontacthalf-width
Inthecaseofadhesivecontactconsideredhere,thepressureappliedtothesolidsurfaceis
non-zerointheinterval(−c,c).Using(42),weseeherethat
W=− L
−L
P(x)dx,
=− 2σ0
c
a
dx− a
−a
pˆ(x)dx,
= a
−a
pˆ(x)dx−2σ0(c−a). (76)
Thismaybewriteninseriesformas
W=4
∞∑
n=1
(−1)nP2n−1sin12(cβ2n−1)
β2n−1 (77)
whichfolowsfrom(44).Usingthisnewexpressionfortheloadin(45)and(46)alowsustocom-
puteaiterativelyasbefore.Notethatalthoughadoesnotexplicitlyappearin(77),alquantities
appearinginthisequationarea-dependent.
Aﬂowchartofthestepsusedtosolvetheadhesivecircularpunchproblemiscontainedin
ﬁgure(10).Itshouldbenotedthatthissolutiontechniquemaybeusedtodeterminecincases
ofcontactwitharbitraryshapedpunches.Theonlymodiﬁcationnecessaryistheinsertionofthe
desiredproﬁleinto(70).
Weusetheinitialguessesa0=c0=ahwithinthisworkasthisvaluecanbecomputedeasily
fromanexplicitformula.Anotherpossiblechoicewouldbetousethevalueofccomputedfrom
JohnsonandGreenwood(2008)butthisrequiresfurtheriterativecalculationsandisthusnotused
here.
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Choose initial guess a_0
Choose initial guess c_0
Compute approximation to the 
Pressure using (56),(60),(62) 
ξ(c)=z0?
Update c using (72), (73)
NO
-∫P(x)dx = W
YES
Update a using (44),(45),(76)
NO a, c, P(x), Pn found
YES
Figure10:Anoutlineofthemethodusedtodeterminethesolutionofadhesivecontactproblems
7.Example:Adhesivecircularpunch
Weconcludethisworkwithanexampleofanadhesivecontactproblem.Agradedelasticsolid
iscontactedbyarigidcircularpunchofradius5µmandlength10µmwitharesultantloadof
200N.ThePoissonratioofthesolidistakentobe0.23whilsttheshearmodulusofthesubstrate
is1×109Pa. Thecriticalgap-widthatwhichthereceasestobeadhesionbetweenthepunch
andthesolidis3.51nm. AsthisvalueisofO(10−9)m,wechooseδa=δc=1×10−12and
εa=εc=1×10−6here. WeadditionalychooseN=2000toproduceresultsforsoftcoatings
(µ1/µ0<1)andN=3000toproduceresultsforhardcoatings(µ1/µ0)>1.
Ourmainobjectivewithinthisexamplewilbetodeterminetheefectstheparameterλand
therelativecoatingthicknessh/ahhaveonˆp(x),a,candtheTresca-typesub-surfacestressﬁeld.
Plotsoftheevolutionoftheparametersaandcinthisproblemfor0.3≤λ≤3arepresentedin
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Figure11:Theevolutionofthedimensionlessparametersa/ah(bluelines)andc/ah(redlines)forfourdiferent
coatingsofthreediferentthicknesses.Thesolidlinesrepresenth/ah=0.1,thesquaresrepresenth/ah=0.5andthe
diamondsrepresenth/ah=1.
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ﬁgure(11). Wecanimmediatelyseeforthesoftcoatingsinﬁgures(11a)and(11b)thatasthe
valueofλincreases,botha/ahandc/ahincreaseinmagnitude.Wealsoseethatbothparameters
starttocoalesceasλincreaseswhichindicatesthatthebandwidthc−aoverwhichadhesion
occursdecreases.ThisobservationisinaccordwiththoseofJohnsonandGreenwood(2008)for
ahomogeneoussolid.Itisoffurtherinteresttonotethatastherelativecoatingthicknessh/ah
increases,themagnitudeofbotha/ahandc/ahincreaseaswel.Thisindicatesthatasthecontact
becomesmoreadhesive,thepredictedcontacthalf-widthofHertzbecomeslessandlessaccurate
asitsigniﬁcantlyunderestimatesthetruevalue.
Thebehaviourofa/ahandc/ahforthehardercoatingssatisfyingµ1/µ0=2andµ1/µ0=3are
presentedinﬁgures(11c)and(11d).Wecanimmediatelyseeherethatbotha/ahandc/ahincrease
inmagnitudeandbegintocoalesceasλincreases.Thesecharacteristicsareinaccordwiththose
observedforthesoftercoatingsin(11a)and(11b).Wenoticeherehoweverthatthevaluesofa/ah
andc/ahdecreaseinmagnitudeastherelativecoatingthicknessincreasesinmagnitude.Thisis
acompletecontrasttotheobservedbehaviourforsoftcoatingsasitindicatesthattheareaover
whichpressureisappliedtothesolidsurfacedecreasesash/ahincreases. Wenotehoweverthat
thisbehaviouragreeswelwiththetrendsthatwerepreviouslyseeninﬁgure(5).
Itisoffurtherinteresttodeterminehowthedimensionlessmaximumcontactpressureˆpmaxis
afectedbybothλandh.Table(2)presentsthemaximumpressuresappliedonthesolidsurface
foraselectionofdiferentcoatingssubjecttodiferentrelativethicknessesh/ahandvaluesofλ.
Wecanimmediatelyseefromtheseresultsthatthecoatingthicknesshasasigniﬁcantefectonthe
valueofthemaximumpressure.Thetwosoftercoatingsexperienceasigniﬁcantdecreaseinthe
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maximumappliedpressureasthevalueofh/ahincreaseswhilstthetwohardercoatingsexperience
asigniﬁcantincreaseinthemaximumappliedpressure. However,wealsonotethatsubjectto
aﬁxedvalueofh/ah,anincreaseinλmakesalmostnodiferencetothepredictedmaximum
pressureobtainedforeachdiferentcoating.Thisindicatesthatincreasedworkofadhesionhas
virtualynoefectonthemaximumpressureexperiencedduringcontact,anobservationmadeby
JohnsonandGreenwood(2008)forthehomogeneouscase.
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Thepredictedmaximumpressureforaselectionofdiferentcoatingsandthicknesses
λ h/ah µ1/µ0=0.25 µ1/µ0=0.5 µ1/µ0=2 µ1/µ0=3
0.1 0.9622 0.9836 1.0152 1.0242
0.3 0.5 0.8614 0.9337 1.0634 1.0997
1 0.7837 0.8857 1.1392 1.2402
0.1 0.9639 0.9870 1.0283 1.0435
1 0.5 0.8628 0.9369 1.0759 1.1177
1 0.7849 0.8886 1.1531 1.2603
0.1 0.9674 0.9938 1.0534 1.0794
2 0.5 0.8659 0.9434 1.1011 1.1525
1 0.7874 0.8946 1.1792 1.2956
0.1 0.9718 1.0019 1.0795 1.1163
3 0.5 0.8696 0.9514 1.1295 1.1872
1 0.7907 0.9022 1.2078 1.3330
Table2:Thepredictedmaximumpressurepˆmaxforfourcoatingssatisfyingµ1/µ0=0.25,0.5,2,3.Eachcoatingis
consideredatthreediferentthicknessesh/ah=0.1,0.5,1andsubjecttofourdiferentvaluesofλ.
Weconcludethissectionbyconsideringthebehaviourofthesub-surfacestress(Tresca)ﬁelds
andtotalpressuresproducedforthesoftcoatingµ1/µ0=0.5andhardcoatingµ1/µ0=2with
h/ah=0.5subjecttofourdiferentvaluesofλ.Figure(12)showsthetotalpressureforcesacting
onthesolidinthisexample.Itisreadilyobservedthattheresultsproducedforboththehardand
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Figure12:Thetotalpressureappliedtothesolidintheadhesivepunchproblemsfortwodiferentcoatings.Theblue
linerepresentsλ=0.3,theredlineλ=1,thegreenlineλ=2andtheblacklineλ=3.
softcoatingarequalitativelysimilarastheregionoverwhichadhesionoccursdecreasesdramati-
calyasλincreasesinmagnitudewhilstthevalueofσ0signiﬁcantlyincreases.Itisseenforλ=3
thatthereareverylargenegativepressureswhichoccurontheedgesofthecontactandcorespond
tohightensilestresses.ThisbehaviourissimilartothatpredictedbytheJKRmodelforahomo-
geneoussolid.Thecurvesproducedforλ=0.3arequalitativelysimilartothoseproducedfor
theDMTmodelinthecaseofahomogeneoussolidasthepressurecurvesobservedherehavea
relativelysmaladhesivepressureandactoverawiderareaascomparedtotheresultsproduced
forlargervaluesofλ.
Thesub-surfacestressﬁelds(Tresca)producedusingthepressurecurvesabovearedepictedin
ﬁgure(13)and(14). Wenotethatthechangeinλhasverylitleefectonthesub-surfacestress
ﬁeldwithinthesoftcoatingexceptimmediatelybelowthepointsx=±cwhereanincreaseinλ
andthusanincreaseinmagnitudeoftheadhesivepressureyieldsamorepronouncedprincipal
stress.Infact,thesub-surfacestressﬁeldproducedforλ=3indicatesthatthestressesatthe
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pointsofpronouncedadhesionareofthesameorderofmagnitudeasthemaximumprincipalstress
atainedbelowthesurface.Finaly,weobservethatthemaximumdimensionlessprincipalstressis
approximately0.25whichislessthanthemaximumstresspredictedbyHertz(approximately0.3)
whichindicatesthatmaterialfailureislesslikelyhere.
Theresultspresentedinﬁgure(14)whichcorespondtoahardcoatingindicatethattheactual
paternofthesub-surfacestressﬁeldisrelativelyunafectedbyanincreaseinλ.However,wesee
herethatthemaximumprincipalstressesoccurimmediatelybelowthesurfacewheretheadhesive
pressuresareappliedandtheirmagnitudeishighlydependentonλ.Theresultspresentedfor
λ=0.3andλ=1indicatethatthemaximumdimensionlessprincipalstressissimilartothat
predictedbyHertzwhilstforλ=2andλ=3thisvalueincreasesdramaticaly.Theseobservations
leadustodeducethatthehightensilestressesexperiencedonthesurfaceatx=±cwileventualy
causehardcoatingstofailandexperienceplasticﬂowforλsufﬁcientlylarge.Thisinformation
couldpotentialybecrucialinthedesignandmanufactureofprotectivecoatings.
8.Conclusions
UsingtheworkofChidlowetal.(2011a),wehaveformulatedtwonon-singularintegralequa-
tionsoftheﬁrstkindwhichutilisediferinginformationtoapproximatethecontactpressureap-
pliedonthesurfaceofaninhomogeneoussolid.Theﬁrstintegralequationassumesthatthesurface
deﬂectionisknownoverthecontactregionwhilstthesecondintegralequationisvalidforcontact
byarigidpunchandassumesthatthegradientofsurfacedeﬂectionisknownwithinthisregion.
Asbothintegralequationsarenon-singular,theirsolutionmaybeapproximatedusingclassical
methods.ThechoicewasmadeheretouseGalerkin’smethodandthustheintegralequationswere
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Figure13:Contourplotsoftheprincipalstressﬁeldforthesoftcoatingµ1/µ0=0.5ofthicknessh/ah=0.5subject
todiferentvaluesoftheTaborparameter.
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Figure14:Contourplotsoftheprincipalstressﬁeldforthehardcoatingµ1/µ0=2ofthicknessh/ah=0.5subjectto
diferentvaluesoftheTaborparameter.
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replacedbyasystemofalgebraicequations.Theintegralequationapproximationswerefurther
extendedbythederivationofaniterativealgorithmbasedonthesecantmethodusedtosimultane-
ouslycomputeboththecontacthalf-widthandcontactpressure.
Aselectionofnumericalexampleswerepresentedtotesttheaccuracyofthenewapproxi-
mationsanditwasfoundthatthepredictedresultscomparewel withthoseofotherauthors.It
wasalsofoundthatwhilstourresultscomparewel withtheHertziancontactmodelinthelimit
h/ah→0,ourmodelbeginstopredictmarkedlydiferentresultsastheratioh/ahincreases.Itwas
furthernotedthathardercoatingstendtoexperiencelargermaximumprincipalstressesthansofter
coatings.Theseobservationshavebeenrecordedbyotherauthors(e.g.Teodorescuetal.(2009)
andprovideafurthercheckontheaccuracyofthismethod.
Thisworkconcludedwithapreliminaryinvestigationintoadhesivecontactproblemsinvolving
gradedelasticsolids.TheassumptionsofMaugis(1992)wereinvokedtoincludetheefectsofad-
hesionintheproblemandanalternateintegralequationwasformulatedtodeterminethepressure
thatresultsfromadhesivecontact.Aniterativealgorithmcapableofdeterminingboththecontact
half-widthaandthenewparametercwasproposedandusedtoproducenumericalresultsforthis
problem.Theso-caled‘Tabor’parameterλwasusedtocharacterisetheadhesiveenergyinthe
problemanditwasfoundthatforλ<0.3,thebehaviouroftheappliedpressureissimilartothat
oftheDMTmodelproposedforahomogeneoussolidwhilstforλ>3thepressurebehavesina
similarwaytothatpredictedbytheJKRmodel.Thisindicatesthatwhilstthequantitativepre-
dictionsmadebythesemodelsmaynotingeneraltransfertoinhomogeneouslyelasticsolids,the
qualitativepredictionsremainaccurate.Theseobservationsareverysuggestiveandindicatethe
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potentialforfurtherresearchinthisarea.
Tosummarise,theprincipaladvantagesofthesolutiontechniquesgiveninthisworkare
•thederivedintegralequationsarenon-singularandmaybeapproximatedusingclassical
methods
•unlikethemajorityofalternatesolutiontechniques,thetotalstressﬁeldmaybeeasilycom-
putedatanypointwithinthesolid
•theunderlyingmathematicalmodelisvalidforgradedelasticcoatingswhichcanbeeither
hardorsoftaswelasthickandthin
•ourmodeliscapableofsolvingbothadhesiveandnon-adhesivecontactproblems
•theproposediterativeschemetodeterminetheconstantsaandcareverysimpleinformand
typicalyonlyahandfulofiterationsareneededtoﬁndbothparameterstomachineaccuracy.
AppendixA.Contactmodelderivation
Thefolowingisabriefsummaryofhowthecontactmodeldetailedinsection1isobtained.
Forafulerdiscussion,thereaderisreferedtoChidlowetal.(2011a).
Itisfoundbyseekingseparablesolutionsofthedisplacementsu(x,y)andv(x,y)inthecoating
that
u(c)(x,y)=
∞∑
n=1
4∑
j=1
a(n)jeλj,ny cos 12βn(x+L), (−h≤y≤0), (A.1)
v(c)(x,y)=−
∞∑
n=1
4∑
j=1
γj,na(n)jeλj,ny sin 12βn(x+L), (−h,≤y≤0) (A.2)
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where
γj,n=
2(1−2ν)λ2j,n+α(1−2ν)λj,n−12(1−ν)β2n
βnλj,n+α(1−2ν) (A.3)
andtherootsλj,nsatisfythequarticequation
λ4+2αλ3+ α2−12β
2n λ2−12αβ
2nλ+β
2n
16 β
2n+4α
2ν
1−ν =0. (A.4)
Explicitformulaefortheserootsgive
λ1,n= 14(α2+β2n)+
i
2αβn
ν
1−ν−
1
2α, (A.5)
λ2,n=− 14(α2+β2n)+
i
2αβn
ν
1−ν−
1
2α (A.6)
λ3,n= 14(α2+β2n)−
i
2αβn
ν
1−ν−
1
2α, (A.7)
λ4,n=− 14(α2+β2n)−
i
2αβn
ν
1−ν−
1
2α (A.8)
andsoλ3,n=λ¯1,n,λ4,n=λ¯2,n.Thegeneralsolutionofthedisplacementsinthesubstratearefound
tobe
u(s)(x,y)=
∞∑
n=1
C(n)1 +C(n)2ye
12βnycos 12βn(x+L), (−∞<y<−h), (A.9)
v(s)(x,y)=
∞∑
n=1
C(n)1 +(y−δn)C(n)2 e
12βnysin 12βn(x+L). (−∞<y<−h) (A.10)
Theconstantsδnaredeﬁnedas
δn=2(3−4ν)βn . (A.11)
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Applicationofthematchingconditionsandsurfaceboundaryconditionsgivenby(3c),(3d)and
(3f)-(3i)givetheconstantsappearinginthegeneralsolutionsofthedisplacementsaboveas


a(n)1
a(n)3

=W−1n


(1−2ν)
2µ0 Pn
0

, (A.12)


a(n)2
a(n)4

=−(T2,nK2,n)−1T1,nK1,nW−1n


(1−2ν)
2µ0 Pn
0

, (A.13)


C(n)1
C(n)2

=
e12βnh
δn Z1,n−Z2,n(T2,nK2,n)
−1T1,nK1,nW−1n


(1−2ν)
2µ0 Pn
0

. (A.14)
The2×2matricesappearingin(A.12),(A.13)and(A.14)aredeﬁnedas
Wn=N1,n−N2,n(T2,nK2,n)−1T1,nK1,n, (A.15)
Tj,n=Nj,n+1δnMj,n, (A.16)
Zj,n=


δn+h(1+γj,n)δn+h(1+γj+2,n)
1+γj,n 1+γj+2,n

 (A.17)
forj=1,2.Theremainingmatricesare
Kj,n=diag(e−λj,nh,e−λj+2,nh), (A.18)
Mj,n=


12(1−2ν)4(1−ν)(1+γj,n)−βnδn 12(1−2ν)4(1−ν)(1+γj+2,n)−βnδn
2(1−2ν)(1+γj,n)−βnδn 2(1−2ν)(1+γj+2,n)−βnδn


(A.19)
Nj,n=


− 12νβn+(1−ν)λj,nγj,n − 12νβn+(1−ν)λj+2,nγj+2,n
λj,n−12βnγj,n λj+2,n−12βnγj+2,n

, (A.20)
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j=1,2.Atthispointweseethatwemaywritethedisplacementsinthecoatingas(5)and(6)with
ξn(y)=(eλ1,ny,eλ3,ny,eλ2,ny,eλ4,ny)T, (A.21)
Γn=diag(γ1,n,γ3,n,γ2,n,γ4,n), (A.22)
Ωn=


W−1n
−(T2,nK2,n)−1T1,nK1,nW−1n

. (A.23)
Thedisplacementsinthesubstratemaysimilarlybewritenas(7)and(8).Thepreviouslyunde-
ﬁnedquantitiesappearinghereare
ϕ(y)=(1,y)T, (A.24)
Φn=


1 −δn
0 1

, (A.25)
Ψn= Z1,n−Z2,nT−12,nT1,n K1,nW−1n . (A.26)
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